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STRUCTURE OF ANN-CATEGORIES AND
MAC LANE-SHUKLA COHOMOLOGY
Nguyen Tien Quang
Abstract. In this paper1 we study the structure of a class of categories hav-
ing two operations which satisfy axioms analoguos to that of rings. Such categories
are called ”Ann-categories”. We obtain the classification theorems for regular Ann-
categories and Ann-functors by using Mac Lane-Shukla cohomology of rings. These
results give new interpretations of the cohomology groups H3(R,M) and H2(R,M)
of the rings R.
1 Introduction and Preliminaries
Monoidal categories and symmetric monoidal categories were studied first by S.
Mac Lane [8], J. Be´nabou [1] and G. M. Kelly [3]. They are, respectively, categories
A together with a bifunctor ⊗: A ×A → A and a system of natural equivalences of
associativity-unitivity, or a system of natural equivalences of associativity-unitivity-
commutativity. A. Solian [14], H. X. Sinh [2] and K. H. Ulbrich [15] , investigated ⊗-
categories from the point of view of algebraic structure. They examined the monoidal
categories whose all objects are invertible.
The problem of coherence always plays a fundamental role in the study of any
class of ⊗-categories. From initial conditions, we have to prove that the morphisms
generated by a given ones depend only on its source butt. The consideration of struc-
tures arose later in the papers of H. X. Sinh [2] and B. Mitchell [9]. Here we obtained
deep results on the classification by the cohomology of groups.
By the other direction, M. Laplaza [4] considered the coherence of natural
equivalences of distributivity in a category having two operations ⊕ and ⊗. In the
papers of Laplaza, the distribution of monomorphisms together with the natural iso-
morphisms of the two symmetrical monoidal structures must satisfy 24 commutative
diagrams, that form natural relations between them.
In this paper, we consider a class of Pic-categories (see H. X. Sinh [2]) in which the
second operation and natural equivalences of distributivity are defined so that the
analogous axioms of rings are verified. Such categories are called Ann-categories. Co-
herence for Ann-categories was shown in [11].
Throughout we define invariants of Ann-category basing on construction of
reduced Ann-categories and pre-sticked of the type (R,M). From this we obtain
classification theorems for the regular Ann-categories and Ann-functors by using co-
homology groups H3(R,M), H2(R,M) of the ring R. These theorems give a relation
between the notion of Ann-category with the theory of cohomology of rings and the
problem of extention of rings.
For convinience, the tensor product of two objects A and B is denoted by AB
instead of A⊗B, but for the morphisms we still write f ⊗ g to avoid confusion with
the composition of morphisms.
1This paper has been published in East-West J. of Mathematics Vol. 5, No 1, 2003
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2 Structure of Ann-categories and MacLane - Shukla cohomology
The notions and results on monoidal categories are supposed to be familier to
the readers (see [3, 5, 8] for example).
Recall that a Pic-category is a symmetric monoidal category A (or a ⊗ACU-
category A) in which every object is invertible and every morphism is an isomorphism
(see [2]).
Definition 1.1. An Ann-category is a category A together with
(i) Two bifunctors ⊕, ⊗: A×A → A.
(ii) A fixed object 0 ∈ A with natural isomorphisms a+, c, g, d such that
(
A,⊕, a+, c, (0, g, d)
)
is a Pic-category.
(iii) A fixed object 1 ∈ A with natural isomorphisms a, l, r such that(
A,⊗, a, (1, l, r)
)
is a monoidal category (i. e. a ⊗AU-category).
(iv) Two natural isomorphisms L, R
LA,X,Y : A(X ⊕ Y )→ AX ⊕AY
RX,Y,A : (X ⊕ Y )A→ XA⊕ Y A
satisfying the following conditions
(Ann-1) For every object A ∈ A, the pair of ⊕-functors (LA, L˘A), (RA, R˘A) defined
by {
LA : X → AX
L˘AX,Y = LA,X,Y
{
RA : X → AX
R˘AX,Y = RX,Y,A
are ⊕AC-functors.
(Ann-2) For any A,B,X, Y ∈ A the following diagrams are commutative
(AB)(X ⊕ Y ) ✲
L
(AB)X ⊕ (AB)Y
❄
a
A(B(X ⊕ Y )) ✲
id⊗ L
A(BX ⊕BY ) ✲
L
A(BX)⊕ A(BY )
❄
a⊕ a
((X ⊕ Y )A)B ✲
R⊗ id
(XA⊕ Y A)B ✲
R
(XA)B ⊕ (Y A)B
❄
a
(X ⊕ Y )(AB) ✲
R
X(AB)⊕ Y (AB)
❄
a⊕ a
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(A(X ⊕ Y ))B ✲
L⊗ id
(AX ⊕AY )B ✲
R
(AX)B ⊕ (AY )B
❄
a
A((X ⊕ Y )B) ✲
id⊗R
A(XB ⊕ Y B) ✲
L
A(XB)⊕ A(Y B)
❄
a⊕ a
(AX ⊕BX)⊕ (AY ⊕BY ) ✲
v
(AX ⊕AY )⊕ (BX ⊕BY )
❄
R⊕R
(A⊕B)X ⊕ (A⊕B)Y ✛
L
(A⊕B)(X ⊕ Y ) ✲
R
A(X ⊕ Y )⊕B(X ⊕ Y )
❄
L⊕ L
where v = vA,B,C,D: (A⊕B)⊕ (C⊕D)→ (A⊕C)⊕ (B⊕D) is the unique
functorial morphism constructed from the morphisms a+, c and id in the
Pic-category (A,⊕).
(Ann-3) The following diagrams are commutative
1(X ⊕ Y )
L
−−−−→ 1X ⊕ 1Y
ℓ
y yℓ⊕ℓ
X ⊕ Y X ⊕ Y
(X ⊕ Y )1
R
−−−−→ X1⊕ Y 1
r
y yr⊕r
X ⊕ Y X ⊕ Y
Definition 1.2. Let A and A′ be Ann-categories . An Ann-functor from A to A
′
is
a functor F : A → A
′
together with natural isomorphisms F˘ , F˜ such that: (F, F˘ ) is
a ⊕AC-functor, (F, F˜ ) is a ⊗A-functor and F˘ , F˜ are compatible with natural equiv-
alences of distributivity in the sense that the following two diagrams are commutative
F (AB ⊕AC) ✲
F˘
F (AB)⊕ F (AC) ✲
F˜ ⊕ F˜
FAFB ⊕ FAFC
❄
F (L)
F (A(B ⊕ C)) ✲
F˜
FAF (B ⊕ C) ✲
id⊗ L˘
FA(FB ⊕ FC)
❄
L
′
F (AC ⊕BC) ✲
F˘
F (AC) ⊕ F (BC) ✲
F˜ ⊕ F˜
FAFC ⊕ FBFC
❄
F (R)
F ((A ⊕B)C) ✲
F˜
F (A⊕B)FC ✲
L˘⊗ id
(FA⊕ FB)FC
❄
R
′
If F is an equivalence, then (F, F˘ , F˜ ) is called an Ann-equivalence.
Proposition 1.3. Let A be an Ann-category and A ∈ A. Then there exist unique
isomorphisms L̂A: A⊗0→ 0, R̂A: 0⊗A→ 0 so that (LA, L˘A, L̂A) and (RA, R˘A, R̂A)
are symmetrical monoidal functors (⊕ACU-functor)
4 Structure of Ann-categories and MacLane - Shukla cohomology
Proof . Since (A,⊕) is a Pic-category, each⊕AC-functor is also a ⊕ACU-functor.
Proposition 1.4. In any Ann-category A, the isomorphisms L̂A, R̂A have the fol-
lowing properties:
(i) The family L̂− = L̂ (resp. the family R̂− = R̂) is a ⊕-morphism from the
functor (R0, R˘0) (resp. (L0, L˘0)) to the functor (θ : A 7→ 0, θ˘ = g−10 ) i. e. the
following diagrams are commutative:
A0
f⊗id
−−−−→ B0
bLA
y ybLB
0 0
(X ⊕ Y )0
R˘0
−−−−→ X0⊕ Y 0ybLX⊕Y ybLX⊕bLY
0
g0
←−−−− 0⊕ 0
(resp. R̂B(id⊗ f) = R̂A and R̂X⊕Y = g0(R̂
X ⊕ R̂Y )L˘0).
(ii) For any A,B ∈ A, the following diagrams are commutative:
X0 ✲
L̂X
0 ✛
R̂Y
0Y
❄
id⊗ R̂X
X(0Y) ✲
a
(X0)Y
❄̂
LX ⊗ id
(XY)0 ✲
L̂XY
0
❄
a
X(Y0) ✲
id⊗ L̂Y
X0
❄̂
LX
and R̂XY = R̂Y (R̂X ⊗ id)a0,X,Y .
(iii) L1 = l0, R
1 = r0.
2 The first two invariants of an Ann-category
Let A be an Ann-category. Then the set Π0(A) of the isomorphic classes of
objects of A is a ring with the operations induced by the ones ⊕, ⊗ in A, and
Π1(A) = Aut(0) is an abelian group with operation denoted by +.
The following two Theorems on the structure of the Ann-categories can be
found in [12].
Theorem 2.1. Π1(A) is an Π0(A)-bimodule where the left and right operations of
the ring Π0(A) on the abeian group Π1(A) are defined respectively by
su = λX(u), us = ρX(u), X ∈ s ∈ Π0(A), u ∈ Π1(A)
in which λX , ρX are the two maps Aut(0)→ Aut(0) given by the following commu-
tative diagrams:
X0
bLX
−−−−→ 0
id⊗u
y yλX (u)
X0
bLX
−−−−→ 0
0X
bRX
−−−−→ 0
u⊗id
y yρX (u)
0X
bRX
−−−−→ 0
the following theorem shows the invariableness of Π0(A)-bimodule Π1(A).
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Theorem 2.2. Given two Ann-categories A, A
′
. Then any Ann-functor (F, F˘ , F˜ ):
A → A
′
yields a ring homomorphism
F0 : Π0(A)→ Π0(A
′
)
clX 7→ clFX
and a group homomorphism
F1 : Π1(A)→ Π1(A
′
)
u 7→ γ−1F0 (Fu)
having the properties
F1(su) = F1(s)F0(u) F1(us) = F0(u)F1(s)
where γA: Aut(0) → Aut(0) is defined by γA(u) = gA(u ⊗ idA)g
−1
A . Moreover, F is
an Ann-equivalence if and only if F0, F1 are isomorphisms.
Hence Π0(A) and Π1(A) are the first two invariants of an Ann-category.
3 Reduced Ann-categories
In preparing to define the third invariant of Ann-categories, we construct re-
duced Ann-categories. Let A be an Ann-category. The reduced category S in con-
structed from Π0(A) and Π1(A) as follows: its objects are the elements of Π0(A), its
morphisms are the automorphisms of the form (s, u) with
s ∈ Π0(A), u ∈ Π1(A) i. e.
Aut(s) = {s} × Π1(A)
The composition law of morphisms is reduced by addition in Π1(A). We shall
use the transmission of structures (see [10]) to change S into an Ann-category which
is equivalent to A. Choose for every s ∈ Π0(A) a representant Xs ∈ A such that
X0 = 0, X1 = 1 and then, for every pair s, t ∈ Π0(A), two families of isomorphisms
ϕs,t : Xs ⊕Xt → Xs+t, ψs,t : XsXt → Xst
such that
ϕ0,t = gXt , ϕs,0 = dXs
ψ1,t = 1Xt , ψs,1 = rXs , ψ0,t = R̂
Xt , ψ0,s = L̂
Xs
Defining the functor H : S → A by H(s) = Xs, H(s, u) = γXs(u) and putting
H˘ = ϕ−1, H˜ = ψ−1 we can use the theorem of transmission of structures (see [10])
to obtain S to be an Ann-category with the two operations in the explicit forms:
s⊕ t = s+ t (sum in ring Π0(A)) (1)
(s, u)⊕ (t, v) = (s+ t, u+ v) (2)
s⊗ t = st (product in ring Π0(A)) (3)
(s, u)⊗ (t, v) = (st, sv + ut) (4)
and with the natural equivalences induced by that of A. S is called the reduced
Ann-category of A. We now have:
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Theorem 3.1. In the reduced Ann-category S of A, the natural equivalences of unitiv-
ity of the two operations ⊕, ⊗ are identities, and the natural equivalences ξ, η, α, λ, ρ
induced from a+, c, a, L, R by (H, H˘, H˜) are functions having the values in Π1(A)
and satisfying the following relations
1. ξ(y, z, t)− ξ(x+ y, z, t) + ξ(x, y + z, t)− ξ(x, y, z + t) + ξ(x, y, z) = 0
2. ξ(0, y, z) = ξ(x, 0, t) = ξ(x, y, 0) = 0
3. ξ(x, y, z)− ξ(x, z, y) + ξ(z, x, y)− η(x, z) + η(x+ y, z)− η(y, z) = 0
4. η(x, y) + η(y, x) = 0
5. xη(y, z)− η(xy, xz) = λ(x, y, z)− λ(x, z, y)
6. η(x, y)z − η(xz, yz) = ρ(x, y, z)− ρ(y, x, z)
7. xξ(y, z, t)− ξ(xy, xz, xt) =
λ(x, z, t)− λ(x, y + z, t) + λ(x, y, z + t)− λ(x, y, z)
8. ξ(x, y, z)t− ξ(xt, yt, zt) =
ρ(y, z, t)− ρ(x+ y, z, t) + ρ(x, y + z, t)− ρ(x, y, t)
9. ρ(x, y, z + t)− ρ(x, y, z)− ρ(x, y, t) + λ(x, z, t)
+ λ(y, z, t)− λ(x + y, z, t) = −ξ(xz + xt, yz, yt)
+ ξ(xz, xt, yz)− η(xt, yz) + ξ(xz + yz, xt, yt)− ξ(xz, yz, xt)
10. α(x, y, z + t)− α(x, y, z)− α(x, y, t) =
xλ(y, z, t) + λ(x, yz, yt)− λ(xy, z, t)
11. α(x, y + z, t)− α(x, y, t) − α(x, z, t) =
xρ(y, z, t)− ρ(xy, xz, t) + λ(x, yt, zt)− λ(x, y, z)t
12. α(x + y, z, t)− α(x, z, t)− α(y, z, t) =
− ρ(x, y, z)t− ρ(xz, yz, t) + ρ(x, y, zt)
13. xα(y, z, t)− α(xy, z, t) + α(x, yz, t)
− α(x, y, zt) + α(x, y, z)t = 0
14. α(1, y, z) = α(x, 1, z) = α(x, y, 1) = 0
15. α(0, y, z) = α(x, 0, t) = α(x, y, 0) = 0
16. λ(1, y, z) = λ(0, y, , z) = λ(x, 0, z) = λ(x, y, 0) = 0
17. ρ(x, y, 1) = ρ(0, y, z) = ρ(x, 0, z) = ρ(x, y, 0) = 0
for x, y, z, t ∈ Π0(A).
For the two choices of different representants (Xs, ϕ, ψ), we can prove the fol-
lowings:
Proposition 3.2. If S with (Xs, ϕ, ψ) and S
′
with (X
′
s, ϕ
′
, ψ
′
) are two reduced Ann-
categories of A, then there exists an Ann-equivalence (F, F˘ , F˜ ): S → S
′
, with F = id.
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If we substitute Π0(A) by a ring R and Π1(A) by an R-bimodule M , we can
construct an Ann-category I with the operations ⊕, ⊗ defined by the relations (3.1)-
(3.4) and the natural equivalences
a+ = ξ, c = η, a = α,L = λ,R = ρ
satisfying the relations in the theorem 3.1. This Ann-category I is called an Ann-
category of type (R,M).
If the function η satisfies the regular condition η(x, x) = 0, the family (ξ, η, α, λ, ρ)
is a 3-cocycle of the ring R with coefficients in the R-bimodule M in the Mac Lane-
Shukla sense (see theorem 4.3). In particular, when λ = 0, ρ = 0, ξ = 0 we have η = 0
and hence α becomes a normal 3-cocycle of the Z-algebra R in the Hochshild sense
(see [10]).
Any ring R with the unit 1 6= 0 may be considered as an Ann-category of the
type (R, 0). Hence we have proved the following theorem:
Theorem 3.3. Any Ann-category is an Ann-equivalence to an Ann-category of the
type (R,M).
4 Cohomology classification of the regular Ann-categories
According to theorem 3.3 we have only to consider the classification of the
Ann-categories having the first two common invariants.
Definition 4.1. Let R be a ring with unit, M be an R − bimodule considered as a
ring with the null multiplication. An Ann-category A is called having pre-stick of the
type (R,M) if there exists a pair of ring isomorphisms (ǫ0, ǫ1)
ǫ0 : R −→ Π0(A), ǫ1 :M −→ Π1(A)
satisfying the conditions:
ǫ1(su) = ǫ0(s)ǫ1(u), ǫ1(us) = ǫ1(u)ǫ0(s), s ∈ R, u ∈M.
A morphism between two Ann-categories A,A′ having the same pre-stick of the
type (R,M) is an Ann-functor (F, F˘ , F˜ ) : A −→ A′ such that the following diagrams
are commutative
Π0(A)
F0−−−−→ Π0(A
′)
ǫ0
y yǫ0
R R
Π1(A)
F1−−−−→ Π1(A
′)
ǫ′1
y yǫ′1
M M
in which F0, F1 are two ring morphisms induced from (F, F˘ , F˜ ). It follows directly
from the definition that F is an equivalence.
The two Ann-categories A,A′ are called congruences if there exists a morphism
(F, F˘ , F˜ )betweenthem.
Definition 4.2. An Ann-category A having a natural equivalence c of commutativity
so that cX,X = id is called a regular Ann-category.
For the regular Ann-categories we can define its third invariant, that is an
element of Mac Lane - Shukla cohomology group H3(R,M) of the ring R.
Recall that the cohomology of an algebra Λ with coefficients in an
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Λ−bimodule coincides with the Mac Lane cohomology of the ring R = Λ, considered
as a Z−algebra. We have
H∗(R,M) = H∗(
∑
n≥0
HomZ(U
n,M))
where U is a graded differential algebra and a free resolution over Z of R. The
differential δ over graded module
∑
HomZ(U
n,M) is defined by the relation δf =
g + h, where
g(u1, ..., un) = −
n∑
i=1
(−1)ei−1f(u1, ..., dui, ..., un),
h(u1, ..., un) = u1f(u2, ..., un+1)+
n∑
i=1
(−1)eif(u1, . . . , uiui+1, . . . , un+1) + (−1)
en+1f(u1, . . . , un)un+1,
e0 = 0, ei = i+ degu1 + · · ·+ degui (see [13]).
Theorem 4.3. A 3-cochain f =< ζ, η, α, λ, ρ > of the ring R with coefficients in
the R−bimodule M is a 3-cocycle if and only if (ζ, η, α,−λ, ρ) is a family of natural
equivalences of a regular Ann-category of the type (R,M).
Proof . The essence of the proof is to compute the group Z3(R,M) by choosing a
convenient resolution of the ring R (as a Z-algebra), different from the two resolutions
of Shukla and Mac Lane. For the additional structure of R, we consider the complex
of abelian groups:
0 −→ B4
d4−→ B3
d3−→ B2
d2−→ B1
d1−→ B0
ν
−→ R −→ 0
in which
B0 = Z(R˙), B1 = Z(R˙ × R˙), B2 = Z(R˙ × R˙× R˙)⊕ Z(R˙ × R˙)
B3 = Z(R˙× R˙ × R˙× R˙)⊕ Z(R˙ × R˙× R˙)⊕ Z(R˙ × R˙)⊕ Z(R˙)
B4 = Kerd3, R˙ = R\{0}
(Z(R˙i), i = 1, 2, 3, 4 are the free abelian groups generated by the set R˙i).
The morphisms are given by:
ν[x] = x, x ∈ R˙
d1[x, y] = [y]− [x+ y] + [x]
d2[x, y, z] = [x, z]− [x+ y, z] + [x, y + z]− [x, y]
d2[x, y] = [x, y]− [y, x]
d3[x, y, z, t] = [y, z, t]− [x+ y, z, t] + [x, y + z, t]− [x, y, z + t] + [x, y, z]
d3[x, y, z] = [x, y, z]− [x, z, y] + [z, x, y] + [x+ y, z]− [x, z]− [y, z]
d3[x, y] = [x, y] + [y, x]
d3[x] = [x, x]
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d4 = i is the natural embedding.
We now define a distributive multiplication in B =
∑
Bi such that B becomes
a graded differential algebra over Z. A 3-cochain f is an element of a direct sum
HomZ(B2,M)⊕HomZ(B1 ⊗B0,M)⊕HomZ(B0 ⊗B1,M)
⊕HomZ(B0 ⊗B0 ⊗B0,M)
This implies that f is defined by a family of mappings
ζ(x, y, z) = f([x, y, z])
η(x, y) = f([x, y])
λ(x, y, z) = f([x]⊗ [y, z])
ρ(x, y, z) = f([x, y]⊗ [z])
α(x, y, z) = f([x]⊗ [y]⊗ [z])
From the formula of differentiation of the above resolution we complete the
proof.
Theorem 4.4 (Classification theorem). There exists a bijection between the set of
the congruence classes of pre-sticked regular Ann-categories of the type (R,M) and
the cohomology group H3(R,M) of the ring R, with coefficients in the R-bimudule
M .
Proof . Consider the resolution that is shown in the proof of the theorem 4.3. If
f =< ζ, η, α, λ, ρ > is 3-coboundary, f = δg, with g is a pair of mappings
µ : B1 −→M
ν : B0 ⊗B0 −→M
we have the following relations
−ζ(x, y, z) = µ(y, z)− µ(x+ y, z) + µ(x, y + z)− µ(x, y)
−η(x, y) = µ(x, y)− µ(y, x) = antµ(x, y)
α(x, y, z) = xν(y, z)− ν(xy, z) + ν(x, yz)− ν(x, y)z
−λ(x, y, z) = ν(x, y + z)− ν(x, y)− ν(x, z) + xµ(y, z)− µ(xy, xz)
ρ(x, y, z) = ν(x+ y, z)− ν(x, z)− ν(y, z)− µ(x, y)z + µ(xz, yz)
These relations imply what we have to prove.
This theorem leads to the investigation of application of the Ann-category
concept into the theory of ring extensions. The classtification theorem in the general
case is still an open problem.
5 Ann-functors and low dimension cohomology groups of rings
In this section given problem is that of finding whether there is Ann-functor
between two Ann-categories and, if so, how many. Since each Ann-category is Ann-
equivalent to one Ann-category of the type (R,M) so the solution of problem for a
class of Ann-categories of the type (R,M) is enough.
10 Structure of Ann-categories and MacLane - Shukla cohomology
If f =< ζ, η, α, λ, ρ > is a 3-cocycle in Z3(R,M) the structure
(ζ, η, α,−λ, ρ) of Ann-category (R,M) is denoted by fˆ . Moreover, if
F = (F, F˘ , F˜ ) : (R,M, fˆ) −→ (R′,M ′, fˆ ′)
is an Ann-functor, this functor is a pair of ring homomorphisms (F0, F1) compatible
with actions of bimodule. So sometimes F is denoted by (F0, F1). R
′-bimodule M
may be changed into R-bimodule by the homomorphism F0,
m′r = mF (r), rm′ = F (r)m′, r ∈ R,m′ ∈M ′.
Because f ∈ Z3(R,M) and f ′ ∈ Z3(R′,M ′), F induces canonically 3-cocycles
f∗, f
′∗ ∈ Z3(R,M ′).
For axample
ζ∗(x, y, z) = F (ζ(x, y, z))
ζ′
∗
(x, y, z) = ζ′(Fx, Fy, Fz).
Isomorphisms F˘ , F˜ are mappings R×R −→M ′
µ(x, y) = F˘x,y : F (x+ y) −→ Fx+ Fy
ν(x, y) = F˜x,y : F (xy) −→ (Fx)(Fy)
These mappings, according to definition, satisfy diagrams in definition 1.2. On the
other hand, < µ, ν > is a 2-cochain of ring cohomology. From a calculation of
H3(R,M) we have
f∗ − f
′∗ = δ < µ, ν > (5)
Theorem 5.1. Let I = (R,M, fˆ), I ′ = (R′,M ′, fˆ ′) be two regular Ann-categories
and
F = (F0, F1) : I −→ I
′
be a functor that satisfies the condition (5.1). Then F is an Ann-functor if and only
if H∗(f) − H
∗(f ′) = 0 in H3(R,M ′). In this case, we can say that Ann-functor
(F, F˘ , F˜ ) is induced by the functor F .
Proof . If (F, F˘ , F˜ ) is an Ann-functor with F˘ = µ, F˜ = ν, the condition (5.1) gives
equation
H∗(f)−H
∗(f ′) = 0
Conversely, the equation H∗(f)−H
∗(f ′) = 0 automatically implies f∗− f
′∗ =
δg, there g =< µ, ν > is a 2-cochain. Let F˘ = µ, F˜ = ν, we have an Ann-functor
(F, F˘ , F˜ ).
Definition 5.2. An Ann-functor F : (R,M, f) −→ (R′,M ′, f ′) is called regular if F
satisfies condition f∗ = f
′∗.
In case there exists a regular Ann-functor F , we have the following theorem
Theorem 5.3. (i) There exists a bijection between the set of the congruence classes of
regular Ann-functors induced by a pair (F0, F1) and the cohomology group H
2(R,M ′)
of the ring R with coefficients in the R-bimodule M ′.
(ii) If F : (R,M, f) −→ (R′,M ′, f ′) is an Ann-functor, there exists a bijection
Aut(F ) −→ Z1(R,M ′)
between the group of automorphisms of Ann-functor F and the group Z1(R,M ′).
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Proof . (i) Let (F, F˘ , F˜ ) be a regular Ann-functor
(F, F˘ , F˜ ) : (R,M, f) −→ (R′,M ′, f)
Then
f∗ − f
′∗ = δ < µ, ν >= 0
where F˘ = µ, F˜ = ν. It means < µ, ν > is 2-cocycle.
Suppore that (G, G˘, G˜) is another regular Ann-functor
(G, G˘, G˜) : (R,M, f) −→ (R′,M ′, f)
and α : F −→ G is an Ann-morphism. Then, by to definition, the following diagrams
are commutative
F (x+ y)
F˘
−−−−→ Fx+ Fy
αx+y
y yαx+αy
G(x + y)
G˘
−−−−→ Gx+Gy
F (xy)
eF
−−−−→ (Fx)(Fy)
αxy
y yαx⊗αy
G(xy)
eG
−−−−→ (Gx)(Gy)
where x, y ∈ R. Also from the definition we have
αx ⊗ αy = (Fx)αy + αx(Fy) = xαy + αxy
so
G˘x,y − F˘x,y = αx − αx+y + αy
G˜x,y − F˜x,y = xαy − αx+y + αxy.
Because g =< F˘ , F˜ >, g′ =< G˘, G˜ > are 2-cocycles and α is 1-cochain and by a
calculation of H2(R,M) we have
g′ − g = δα (6)
Equation (6) proves the existance of a correspondence from a class of regular
Ann-functors cls(F, F˘ , F˜ ) to a class of cohomologies g +B2(R,M ′),
g =< F˘ , F˜ >. Moreover this correspondence is an injection. We now prove that it
is a projection. In fact, let g =< µ, ν > be any 2-cocycle. Then we can directly
verify that (F, µ, ν) is a regular Ann-functor (R,M, f) to (R′,M ′, f) corresponding
to 2-cocycle g, proving (i).
(ii) Let
F = (F, µ, ν) : (R,M, f) −→ (R′,M ′, f)
be an Ann-functor and α ∈ Aut(F ). Then the equation (6) becomes δ(α) = 0, i.e.
α ∈ Z1(R,M ′), proving (ii).
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6 Ann-category and theory of the extensions of rings
In this section, we establish a direct relation between theory of the extensions
of rings and theory of Ann-categories. According to Mac Lane [7] we call a bimul-
tiplication of a ring A a pair of mappings a 7−→ σa, a 7−→ aσ of A into itself which
satisfy the rules
σ(a+ b) =σa+ σb , (a+ b)σ =aσ + bσ
σ(ab) = (σa)b , (ab)σ = a(bσ)
a(σb) = (aσ)b
for all elements a, b ∈ A. The sum σ+ ν and the product σν of two bimultiplications
σ and ν are defined by the equations
(σ + ν)a =σa+ νa , a(σ + ν) =aσ + aν
(σν)a = σ(νa) , a(σν) = (aσ)ν
for all a in A.
The set of all bimultiplications of A is a ring denoted by MA. For each element
c of A, a bimultiplication µc is defined by
µca = ca, aµc = ac, a ∈ A
We call µc an inner bimultiplication. Clearly µ : A −→ MA is a ring homomorphism
and the image µA of this homomorphism is a two-sided ideal inMA. The quotient ring
PA =MA/µA is called the ring of outer bimultiplications ofA and ring homomorphism
θ : R −→ PA is called regular if θ(1) = 1 and two any elements of θ(R) are permutable
( the bimultiplications σ and ν are called permutable if σ(aν) = (σa)ν and ν(aσ) =
(νa)σ for every a in A). Then
CA = {c ∈ A|ca = ac = 0, ∀a ∈ A}
is called bicenter of A, and CA is a R-bimodule under the operations
xc = (θx)c, cx = c(θx), c ∈ CA, x ∈ A.
The ”Extention problem” of rings requires finding the exact sequence of rings
0 −→ A −→ S −→ R −→ 1
induces homomorphism θ : R −→ PA.
Let σ : R −→MA be a mapping such that σ(x) ∈ θx, x ∈ R and σ(0) = 0,
σ(1) = 1. Then we define two mappings
f : R×R −→ A
g : R×R −→ A
such that
µf(x, y) = σ(x+ y)− σ(x) − σ(x)
µg(x, y) = σ(xy)− σ(x)σ(x)
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for all x, y ∈ R. The ring structure of MA implies mappings ζ, α, λ, ρ : MA
3 −→ CA
and η :MA
2 −→ CA
ζ(x, y, z) = f(x, y)− f(x+ y, z) + f(x, y + z)− f(x, y)
η(x, y) = f(x, y)− f(y, x)
α(x, y, z) = xg(y, z)− g(x, y, z) + g(x, y, z)− g(x, y)z
λ(x, y, z) = xf(y, z)− f(xy, xz) + g(x, y + z)− g(x, y)− g(x, z)
ρ(x, y, z) = f(x, y)z − f(xz, yz) + g(x+ y, z)− g(x, z)− g(y, z)
We call the family (ζ, η, α, λ, ρ) of the above mappings an obstruction of the
regular homomorphism θ. We can prove that if all these mappings are null, the
homomorphism θ : R −→ PA can be realized by a ring extention. It is the ring
S = {(a, r) | a ∈ A, r ∈ R}
with operations
(a1, r1) + (a2, r2) = (a1 + a2 + f(r1, r2), r1 + r2)
(a1, r1)(a2, r2) = (r1a2 + a1r2 + g(r1r2), r1r2)
In the general case we have
Proposition 6.1. If (ζ, η, α, λ, ρ) is an obstruction of the regular homomorphism
θ : R −→ PA, it is a family of natural equivalences of Ann-categories of the type
(R,CA).
Proof . We can verify directly that ζ, η, α, λ, ρ satisfy the relations in the proposition
3.1 .
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